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In this work we study the crystal symmetry fractionalization in chiral spin liquids with the chiral-
semion topological order. We show that if such a chiral spin liquid is realized in a two-dimensional
lattice model with odd number of spin- 1
2
per unit cell and the state preserves spin rotation symmetry
and translation symmetries, the semion excitation must carry both half-integer spin and fractional
crystal quantum numbers. As a result, only a unique symmetry enriched topological phase can be
realized in chiral spin liquids in a spin- 1
2
kagome lattice model. These fractional symmetry quantum
numbers are confirmed numerically using ground state wave functions obtained with the density
matrix renormalization group method.
I. INTRODUCTION
Quantum spin liquids1,2 with topological orders3–6
have generated considerable interests in the study of
strongly correlated quantum systems, because they rep-
resent a class of quantum phases beyond the Landau’s
paradigm of symmetry breaking phases7, and they are
closely related to the study of high-Tc superconductiv-
ity8,9. So far many different types of quantum spin liq-
uids, including gapped and gapless spin liquids, have
been studied. Among these different types, the chiral
spin liquid state10,11 was the earliest one to be proposed
theoretically. The chiral spin liquid state has been con-
structed in exactly solvable model Hamiltonians12, and
it was recently found in a variety of spin- 12 models with
short-range interaction on the kagome lattice by different
numerical and theoretical approaches, including the den-
sity matrix renormalization group (DMRG) method13–17,
fermionic parton constructions and variational Monte
Carlo method18,19 and theoretical constructions20,21.
One question remains to be answered is whether the
chiral spin liquid states obtained in different methods are
the same, i.e. whether they belong to the same phase.
This question can be easily answered for topologically
trivial phases because these phases are classified by the
symmetry the ground states have, and can be detected
by measuring correlation functions that detects all pos-
sible ways of symmetry breaking7. However, classifying
and detecting topological orders are much harder because
these orders are not reflected in any correlation functions
of local observables.
First, the chiral spin liquid states have an intrinsic
topological order, which is characterized by topological
excitations carrying fractional statistics, and chiral cen-
tral charges of the gapless edge states. In particular, the
chiral spin liquids have the “chiral-semion” topological
order, which is the same as the intrinsic topological or-
der of a ν = 12 bosonic fractional quantum hall (FQH)
state10,22. (In this work, the terminology of “chiral spin
liquid” only refers to spin liquids with the chiral-semion
topological order. In some literatures23,24, chiral spin liq-
uids also refer to time-reversal-symmetry-breaking spin
liquids with Z2 topological order, and these are differ-
ent from the chiral spin liquids discussed in this work.)
In this topological order there are two types of anyons:
the trivial anyon (denoted by 1) and the semion s. The
semion s has a fractional statistics such that exchanging
two semions gives a statistical phase of eipi/2 = i, and
it satisfies the fusion rule that two semions fuse into a
trivial anyon s × s = 1. The intrinsic topological or-
der can be detected numerically: the number of anyons
can be measured from the topological ground state de-
generacy on a torus25,26 and topological entanglement
entropy27,28, while the anyon statistics can be measured
from the modular matrices29–31. These methods have
been applied to identify the chiral-semion topological or-
der in the DMRG studies14–17,30.
Second, the crystal and spin rotation symmetries that
are present in the chiral spin liquid states further en-
riches their topological order32. Because there is only one
type of nontrivial anyon, the symmetry enriched topolog-
ical (SET) order is classified by the symmetry fraction-
alization carried by the semion excitations33–36. Here,
the symmetry fractionalization refers to the phenomenon
that an anyon excitation can carry a projective represen-
tation of the symmetry group and consequently fractional
symmetry quantum numbers35–42. This occurs in SET
phases because, although any physical state must carry a
linear representation of the symmetry group, it also con-
tains a collection of anyons that fuse into 1. Therefore,
each anyon can carry a projective representation as long
as the representations carried by the collection of anyons
always fuse into a linear representation. For example, in
a chiral spin liquid, the semions must appear in pairs in
a physical state because of the fusion rule s × s = 1.
Therefore, although each physical state must carry a lin-
ear representation of the SO(3) spin rotation symmetry
group, the semion can carry a projective representation,
and therefore carries a half-integer spin.
The symmetry fractionalization can be classified by the
projective representation of the symmetry group accord-
ing to the anyon fusion rule35–37. However, not all the
symmetry fractionalization obtained this way can be re-
alized in a two-dimensional (2D) system, as many of them
are anomalous and can only be realized on a surface of
a three-dimensional (3D) symmetry-protected topologi-
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2cal (SPT) phase43. For on-site unitary symmetries, these
anomalous symmetry fractionalizations can be systemati-
cally identified37,44. However, for antiunitary and crystal
symmetries such general methods have not yet been es-
tablished and anomalous symmetry fractionalization has
only been studied case-by-case45–48.
Since the information of symmetry fractionalization
can distinguish different symmetric spin liquid phases,
the detection of symmetry fractionalization is essential to
the study of spin liquid states. Methods of numerically
and experimentally detecting the symmetry fractional-
ization have been developed in the context of Z2 spin
liquids33,49–53, and they can be generalized to be applied
to the chiral spin liquids.
In this work we answer the aforementioned question
by studying the crystal symmetry fractionalization in 2D
chiral spin liquids with the chiral-semion topological or-
der. Particularly we find there is only one way to frac-
tionalize the crystal symmetries, and all the chiral spin
liquids found in previous studies must belong to the same
phase. We first discuss in general how to define frac-
tionalized crystal symmetry quantum numbers for anyons
with fractional statistics in Sec. II. We then classify crys-
tal symmetry fractionalization in 2D chiral spin liquids
in Sec. III. In this work, we consider spin-rotational-
invariant chiral spin liquids with odd number of spin-
1
2 per unit cell (this includes all the chiral spin liquids
found in different lattice models on the kagome lattice).
Under this assumption, there is only one nonanomalous
combination of fractional symmetry quantum number the
semion can take. Therefore, there is only one type of
symmetric chiral spin liquid that can be realized in a
spin- 12 model on the kagome lattice. In Sec. IV, we nu-
merically study the symmetry fractionalization in ground
state wave functions obtained using the DMRG method,
and confirm that the chiral spin liquid state indeed has
the symmetry fractionalization determined in Sec. III.
We conclude in Sec.V.
II. CRYSTAL SYMMETRY
FRACTIONALIZATION OF ANYONS
In this section we discuss the definition of crystal
symmetry fractionalization for anyons carrying fractional
statistics, and pave the way for studying the classifica-
tion of chiral spin liquids with crystal symmetries in the
rest of the paper. Here, we restrict ourselves to Abelian
topological orders.
The concept of crystal symmetry fractionalization was
first studied33 in the context of analyzing the projective
symmetry group (PSG) of mean field ansatz in parton
constructions, where the partons carry a projective rep-
resentation of the crystal symmetry group, and thus frac-
tional crystal symmetry quantum numbers. Although
the PSG analysis is useful in classifying symmetric spin
liquids in parton constructions (including gapless spin liq-
uids that are beyond the scope of gapped SET phases),
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FIG. 1. (Color online) Symmetry actions on anyons. The
“x” symbols mark the locations of anyons. The shaded area
and the unshaded area mark the two regions in the Schmidt
decomposition in Eqs. (1) and (3). In Figs. (a)-(c), an an-
tiunitary symmetry X maps a and a¯ to themselves; in Figs.
(d)-(f), a unitary symmetry X maps a to a¯ and vise versa.
(a) A state that contains two anyons a and a¯ is shown. Each
anyon is symmetric under an antiunitary symmetry X. (b)
The configuration in (a) is smoothly deformed to a sphere. (c)
The configuration in (b) is smoothly deformed to an infinite
cylinder. (d) A configuration containing two anyons: a and
a¯, which are mapped into each other by a unitary symmetry
X. (b) The configuration in (a) is smoothly deformed to a
sphere. (c) The configuration in (b) is smoothly deformed to
an infinite cylinder.
it has limitations when being used to classify symmetry
fractionalization in SET phases. First, the parton used
in a construction usually corresponds to only one type
of anyon, so it does not explicitly give the full symme-
try fractionalization if there are more than one type of
anyons (this is not an issue for the chiral-semion topo-
logical order). Second, the projective symmetry repre-
sentation carried by the parton may not be the same as
the projective representation of the corresponding anyon,
as we shall demonstrate with an explicit example in Ap-
pendix A.
For SET phases with the Z2 (toric code) topological or-
der, previous works35,52–54 have provided practical defini-
tions of crystal symmetry fractionalization and methods
to measure it from the ground state wave functions. Here
we briefly review these definitions and measurements,
and generalize them to anyons taking fractional statis-
tics other than the Bose and Fermi statistics, like the
semions in the chiral-semion topological order.
The key difficulty in defining the projective symmetry
representation carried by an anyon is that the anyon can-
not appear alone in a physical wave function. Instead,
a physical wave function must contain anyons which can
be fused together as a trivial anyon. For example, in the
chiral-semion phase the semions must appear in pairs as
s × s = 1. Here we take the assumption of symmetry
localization35,37, which states that the symmetry action
on a physical wave function, which is always well defined,
can be fractionalized into actions localized in the neigh-
3borhoods of the anyons. To define the symmetry action
on an individual anyon, we take a wave function |Ψ〉 con-
taining two well-separated anyons a and a¯ that fuses into
the trivial particle a × a¯ = 1. Then, we construct a
Schmidt decomposition between the region containing a
and the region containing a¯ [see Fig. 1(a)],
|Ψ〉 =
∑
α
λα|a(r)〉α ⊗ |a¯(∞)〉α. (1)
In this Schmidt decomposition, |a(r)〉α are the Schmidt
eigenstates supported by the region containing an anyon
a at r, and |a¯(∞)〉α are the Schmidt eigenstates sup-
ported by the region containing an anyon a¯ at infinity.
The symmetry action on the anyon can then be described
by how the Schmidt eigenstates transform under a sym-
metry operation X,
X : |a(r)〉α → UXαβ |a(r)〉β , (2)
where UX is the symmetry representation carried by the
Schmidt eigenstates |a(r)〉α. It is a projective represen-
tation with U(1) coefficients because of the U(1) gauge
degree of freedom present in the Schmidt decomposition
in Eq. (1). Here we assume that a) a symmetry break-
ing field is applied to the neighborhood of a and a¯ to
lift any symmetry-protected degeneracy of the anyons,
and b) an infinitesimal symmetry breaking field is ap-
plied near the boundary of the decomposition to lift
any symmetry-protected degeneracy in the entanglement
spectrum. Since a is an Abelian anyon, the Schmidt de-
composition in Eq. (3) does not have any degeneracy after
all symmetries are broken. Therefore, the gauge degree
of freedom in the Schmidt decomposition is U(1).
This projective representation can be directly used to
define the quantum number fractionalization52 X2 = ±1
for an antiunitary Z2 symmetry operation X (like time-
reversal). This is because the arbitrary U(1) phase factor
in the projective representation is canceled when X is ap-
plied twice. In other words, for an antiunitary group
ZX2 , H2(ZX2 , U(1)) = H2(ZX2 ,Z2) . Here, H2(G,R)
denotes the second group cohomology with coefficient
R43. The commutation relation fractionalization52 be-
tween two unitary symmetry operators can also be de-
fined in this way.
However, this projective representation cannot be used
directly to define the quantum number fractionalization
X2 = ±1 for a unitary Z2 symmetry X like inversion
and mirror reflection, because, due to the arbitrary U(1)
phase factor, the value of X2 can smoothly interpolate
between +1 and −1. In other words, H2(ZX2 , U(1)) is
always trivial for a unitary group.
Instead, this symmetry fractionalization can be defined
using the symmetry eigenvalue of a wave function con-
taining two anyons located at two symmetry-related po-
sitions52,54, as shown in Fig. 1(d). For anyons in the
Z2 topological order, the symmetry fractionalization of
a bosonic anyon is defined simply using the symmetry
parity eigenvalue of the two-anyon wave function: the
bosonic anyon carries trivial (nontrivial) symmetry frac-
tionalization if the two-anyon wave function is symmet-
ric (antisymmetric) under the symmetry, respectively.
However, for fermionic anyons an opposite definition was
adapted: the fermionic anyon carries trivial (nontrivial)
symmetry fractionalization if the two-anyon wave func-
tion is antisymmetric (symmetric), because for a physical
fermion without any symmetry fractionalization the two-
fermion wave function would be antisymmetric. For an
anyon with fractional statistics (like a semion) there is
no natural expectation of the parity of the two-anyon
wave function. For consistency, we choose to general-
ize the definition for bosonic anyons to general Abelian
anyons. In other words, regardless of the self-statistics
of the anyon, we always define the symmetry fraction-
alization to be trivial (nontrivial) if the two-anyon wave
function is symmetric (antisymmetric) under the symme-
try X.
The symmetry fractionalization defined above for both
antiunitary and unitary Z2 symmetries can be directly
related to 1D SPT invariants if the system is put on a
infinite cylinder and viewed as a quasi-1D system. This
is discussed in the context of the Z2 topological order
by Zaletel et al. 53 , and it can be generalized to other
topological orders. This relation to 1D SPT invariants
will be used in Sec. III to identify anomalous combina-
tions of fractional symmetry quantum numbers, and in
Sec. IV to numerically detect the symmetry fractional-
ization from ground state wave functions.
On an infinite cylinder, the ground states of a topolog-
ically ordered system with n types of anyons are n-fold
degenerate (the degeneracy is only approximate when the
width of the cylinder is finite). In the subspace formed
by the degenerate ground states, a special basis called
the minimum entropy states29 can be chosen. In this ba-
sis, each ground state corresponds to one type of anyon
flux threading through the cylinder. It is denoted by |a〉,
where a labels the type of anyon. Viewed as a quasi-1D
system, the state |a〉 is a trivial (nontrivial) SPT state
protected by a Z2 symmetry X if the anyon a carries a
trivial (nontrivial) symmetry fractionalization X2 = ±1,
respectively. The way the crystal symmetry X is set up
depends on whether X is unitary or antiunitary: an an-
tiunitary symmetry should be implemented such that it
preserves the longitudinal direction Xx = x, while a uni-
tary symmetry should reverse the longitudinal direction
Xx = −x, where x denotes the longitudinal coordinate,
as shown in Fig. 1. These setups are consistent with
the fact that both on-site antiunitary symmetries and
unitary reflection symmetries protect nontrivial 1D SPT
states, and the SPT invariant is encoded in the way the
symmetry acts on the Schmidt eigenstates obtained from
a Schmidt decomposition of the ground state, when the
cylinder is cut into left and right parts at x = 055,
|Ψ〉 =
∑
α
λα|L〉α ⊗ |R〉α. (3)
For an antiunitary symmetry, the Schmidt decomposi-
4tion in Eq. (3) can be smoothly deformed to the one in
Eq. (1), as shown in Fig. 1(c), and both the 1D SPT and
symmetry fractionalization is defined using the double
action of X on the left Schmidt eigenstates.
For a unitary symmetry, the symmetry operator X
maps the left part to the right part and vise versa. This
mapping is symmetric (antisymmetric) if the state is a
trivial (nontrivial) SPT. If we consider instead a finite
cylinder with two open boundaries on both sides [see
Fig. 1(f)], each boundary then hosts an anyon a, and it
can be shown that the X-parity of this two-anyon wave
function is determined by how X maps between left and
right Schmidt states. If the mapping is symmetric (anti-
symmetric), the wave function is even (odd) under X.
Therefore, according to our definition, the anyon car-
ries a trivial (nontrivial) symmetry fractionalization of
X2 = ±1 if |a〉 is a trivial (nontrivial) 1D SPT, respec-
tively.
We note that our definition of symmetry fractionaliza-
tion for a unitary Z2 symmetry is consistent regardless of
the anyon statistics, and it is opposite to the definition
previously used for fermionic anyons35,52,54. It is also dif-
ferent from the projective representation of a fermionic
parton operator33,52,54. Using this definition, the clas-
sification of symmetry fractionalization always directly
maps to 1D SPT classification, where a trivial (nontriv-
ial) symmetry fractionalization corresponds to a trivial
(nontrivial) 1D SPT. Furthermore using this definition
it is easy to derive the fractional quantum number of an
anyon bound state using the fusion rule. If two anyons
fuse into a third anyon a× b = c, the fractional quantum
number of c, X2c , is directly obtained by multiplying the
fractional quantum numbers of a and b, X2a and X
2
b :
X2c = X
2
aX
2
b , (4)
without the need to include a twist factor depending on
the anyon statistics35,52,54. Although we will not use
Eq. (4) in this work (because there is only one type of
nontrivial anyon in the chiral-semion topological order),
this fusion rule and our definition of anyon symmetry
fractionalization will be useful in the study of crystal
symmetry fractionalization in more complicated topolog-
ical orders, like the double-semion topological order.
III. CLASSIFICATION OF 2D CHIRAL SPIN
LIQUID
Using the definition of crystal symmetry fractionaliza-
tion described in the previous section, here we study the
classification of crystal symmetry fractionalization in a
2D chiral spin liquid with the chiral-semion topological
order. The key result of this section is the following: if
the semion excitation carries a half-integer spin, it must
also carry fractionalized crystal symmetry quantum num-
bers. In particular, only one type of fully symmetric chi-
ral spin liquid can be realized on a 2D kagome lattice.
We begin with enumerating the possible ways to frac-
tionalize crystal symmetries in a chiral spin liquid on the
kagome lattice. In a chiral spin liquid state the time-
reversal and mirror symmetries are broken by the spin
chirality order parameter Si · (Sj × Sk), which is odd
under both time-reversal and mirror symmetries. How-
ever the combination of mirror and time-reversal is still
a symmetry operation. Therefore the symmetry group
is reduced from G = p6m × ZT2 (which is generated by
two translations T1,2, two mirror reflections µ and σ, and
time-reversal operation T , as shown in Figs. 2 and 3) to
p6m∗, which is the group with the identical structure as
p6m but the mirror operations µ and σ are replaced by
antiunitary operators µ∗ = µT and σ∗ = σT , respec-
tively.
Quantum number Algebraic relation Anomaly-free choice
ω12 T1T2 = ±T2T1 −1
ωµ∗ (µ
∗)2 = ±1 −1
ωσ∗ (σ
∗)2 = ±1 −1
ωI I
2 = ±1 −1
TABLE I. Quantum numbers labeling different projective rep-
resentations of the symmetry group p6m∗.
Since the semions obey the fusion rule s × s = 1, the
possible projective representations of p6m∗ it can carry is
classified by H2(p6m∗,Z2) = H2(p6m,Z2) = Z42, and are
therefore labeled by four Z2 variables56 ω12, ωµ∗ , ωσ∗ and
ωI , where ω12 denotes the commutation relation fraction-
alization52 T1T2 = ±T2T1 and the other three variables
ωX denote quantum number fractionalization X
2 = ±1,
as listed in Table I.
These 24 = 16 different ways of symmetry fractional-
ization listed in Table I are all consistent with the semion
fusion rule. However, as we will show in the rest of the
section, most of them are anomalous and can only be
realized on the 2D surface of a 3D SPT state. In other
words, for an SET order to be realizable in 2D models, it
needs to satisfy anomaly-free conditions which greatly re-
stricts possible ways to fractionalize crystal symmetries.
First, if the semion carries a half-integer spin representa-
tion, it must also carry fractionalized crystal symmetry
quantum numbers ωµ∗ = ωσ∗ = ωI = −1. Second, if the
model has odd number of spin-12 per unit cell, the semion
must carry a half-integer spin and ω12 = −1. Combining
these two arguments we can show that there is only one
anomaly-free SET order for a fully symmetric chiral spin
liquid state on the kagome lattice.
We begin with an argument showing that in an
anomaly-free SET order in which the semion carries half-
integer spin, it must also carry fractional quantum num-
bers ωµ∗ = ωσ∗ = ωI = −1. Here our argument is based
on the flux-fusion anomaly test developed by Hermele
and Chen 48 , which can also be used to restrict crystal
symmetry fractionalization visons can carry in a Z2 spin
liquid57. In this test, we put the chiral spin liquid state on
a quasi-1D torus as shown in Figs. 1(c) and 1(f), where
5the spin liquid state has two nearly degenerate ground
states, each corresponds to one type of anyon flux going
through the torus. We denote the two states with a trivial
anyon flux and a semion flux as |1〉 and |s〉, respectively.
If the semion carries a half-integer spin, it implies
that it carries a half-integer charge of the U(1) sub-
group generated by Sz. Hence the ground state |1〉
can be smoothly turned to |s〉 by adiabatically thread-
ing in a 2pi flux of this U(1) subgroup along the longi-
tudinal direction in the Hamiltonian. If the Hamiltonian
is a Heisenberg model, threading a φ flux is achieved by
changing the off diagonal coupling to Jij(e
iφ
yi−yj
Ly S+i S
−
j +
e
−iφ yi−yjLy S−i S
+
j ), where yi is the transverse coordinate
and Ly is the circumference of the torus in the transverse
direction. For a general Hamiltonian, this is achieved by
applying the unitary transformation
U(φ) =
∏
j
e
iφ
yj
Ly
Szj . (5)
If φ is smoothly varied from 0 to 2pi, the two ground
states are adiabatically connected to each other. This
method has been applied in DMRG studies to compute
the second ground state from the previously obtained
one14,15,58,59.
Now we consider a Z2 symmetry operation X satis-
fying X2 = 1. As explained in Sec. II, if the semion s
carries a nontrivial symmetry fractionalization X2 = −1,
the ground state |s〉 belongs to a different SPT state pro-
tected by X, as compared to |1〉. [This requires that
Xx = +x (Xx = −x) if X is antiunitary (unitary), re-
spectively.] The key argument of this anomaly test is
that if a symmetry X is preserved throughout the pro-
cess of flux insertion, the two ground states must belong
to the same 1D SPT phase protected by X. This in turn
implies that the semion carries a trivial symmetry frac-
tionalization of X.
We begin with the example of M∗ = MT , where M
is any mirror operation (for example M can be either µ
or σ on the kagome lattice). Because M∗ is an antiu-
nitary operation, we need to set up the torus such that
the mirror axis is along the longitudinal direction. Since
T commutes with U(φ) and M maps y to −y, M∗ maps
U(φ) in Eq. (5) to M∗U(φ)M∗ = U(−φ) and hence re-
verses the threaded flux. Therefore the symmetry M∗ is
not preserved in the process of threading the flux.
However, the combined symmetry operation M∗eipiS
x
(here the operation eipiS
x
denotes the global symmetry
operation
∏
j e
ipiSxj ) is preserved during the flux thread-
ing, because Sx anticommutes with Sz, and a pi-rotation
with respective to Sx again reverses the threaded flux.
Consequently from the anomaly test argument we con-
clude that the semion must carry a trivial symmetry frac-
tionalization
(
M∗eipiS
x)2
= +1. Since the semion also
carries a half-integer spin, it fulfills
(
eipiS
x)2
= −1. Fur-
thermore, the spin rotation eipiS
x
must commute with
M∗60. From this, we conclude that the semion must also
carry a fractionalized quantum number of (M∗)2 = −1.
Next, we consider the inversion symmetry I. Similarly,
I commutes with Sz and maps y to −y. This means that
inversion I is not preserved during the flux threading.
However, the combination IeipiS
x
is preserved. Hence,
the semion must carry
(
IeipiS
x)2
= +1 and consequently
I2 = −1.
In summary, if the semion carries half-integer spin, it
must also carry fractionalized crystal symmetry quantum
numbers (M∗)2 = −1 and I2 = −1. For example, on the
kagome lattice, the semion must carry ωµ∗ = ωσ∗ = ωI =
−1.
Furthermore, if the lattice model has odd number of
spin- 12 per unit cell, it can be shown that
61,62 the semion
must carry a half-integer spin and ω12 = −1. First,
semion, as the only type of nontrivial anyon, must carry
a half-integer spin to screen the background spin- 12 quan-
tum number per unit cell. Second, the screening requires
a background anyon charge of odd number of semions per
unit cell. This means that if a semion moves around an
unit cell, it sees a pi flux due to the self-statistics of the
semion. Hence the semion carries ω12 = −1. Therefore in
lattice models like spin- 12 models on the kagome lattice
(with full spin rotation symmetry) the crystal symme-
try fractionalization carried by the semion is completely
fixed as summarized in the last column of Table I. Conse-
quently, there is one possible SET phase of a symmetric
chiral spin liquid.
IV. DETECTING CRYSTAL SYMMETRY
FRACTIONALIZATION IN DMRG RESULTS
In this section we provide numerical confirmation for
the theoretical arguments given in Sec. III. Furthermore,
the method presented here can be applied to systems real-
izing different topological orders or when the assumptions
made in Sec. III are not met (for example, in models that
lack the SU(2) spin-rotational invariance, or on lattices
with an even number of sites per unit cell).
For this purpose we study the following SU(2) invariant
Hamiltonian on the kagome lattice
H = cos θ
∑
〈i,j〉
Si ·Sj + sin θ
∑
i,j,k∈4,5
Si ·(Sj×Sk) , (6)
where Si is a spin-
1
2 operator acting on site i of the lat-
tice, 〈. . .〉 denotes nearest neighbors and sites i, j, k in
the second sum are ordered clockwise around every ele-
mentary triangle of the kagome lattice. The Hamiltonian
(for non-zero θ) breaks time-reversal T and mirror sym-
metries σ, µ but remains invariant under combinations
σ∗ = σT , µ∗ = µT . It is also invariant under the re-
flection I with respect to the center of the hexagon (see
Figs. 2 and 3). Hence, the Hamiltonian has the p6m∗
symmetry discussed in Sec. III.
6FIG. 2. (Color online) XC8-4 infinite cylinder used to extract
ω12, ωσ∗ and ωI quantum numbers. Semi-transparent green
line represents an MPS path that covers the infinite cylinder.
An MPS unit cell consists of N = 12 tensors Γj ordered along
the path, see Eq. (9) for comparison. Matrices Λj are omitted
from the figure to improve clarity. An MPS unit cell (or its
multiple) is compatible with translation T2 and mirror reflec-
tion σ. Inversion I maps an MPS unit cell to itself, provided
it is “shifted” by two position along the path. All the sym-
metry operations act as permutations of lattice sites within
(possibly enlarged) MPS unit cell.
Ref. 13 provides compelling evidence that the Hamilto-
nian in Eq. (6), considered with 0.05pi ≤ θ ≤ 0.5pi, real-
izes chiral Z2 semion topological order. In our present
study we take one particular value of the parameter
θ = 0.2pi for concreteness. The identification of an in-
trinsic topological order was performed by analyzing two
ground states on an infinite cylinder found by DMRG13.
Naturally, these ground states found by DMRG are the
minimum entropy states29 |1〉 and |s〉, which has an
anyon flux of 1 and s threading through the cylinder, re-
spectively. The anyon flux threading through the cylin-
der in each ground state can be determined by study-
ing the SU(2) symmetry properties of the corresponding
entanglement spetrum13,30. Namely, the ground state
|1〉 (|s〉) gives rise to the entanglement spectrum that
transforms under integer (half-integer) representations of
SU(2). This characterization identifies |s〉 from the two
ground states, which will be used here to further measure
the symmetry fractionalization.
Our goal here is to extract all four quantum numbers
ω12, ωσ∗ , ωµ∗ and ωI from the ground state wave func-
tion |s〉 given by DMRG. It is done by computing their
corresponding 1D SPT invariants53,63, as detailed below.
In order to compute ω12, ωσ∗ , ωI we find |s〉 on an XC8-4
infinite cylinder (see Fig. 2), while for the calculation of
ωµ∗ we resort to the ground state on XC8 infinite cylin-
der shown on Fig. 3. Here we use the nomenclature in-
troduced in Ref. 64.
Let us consider the ground state |s〉 as a strictly 1D
translationally invariant state on an infinite chain. Its
FIG. 3. (Color online) The computation of ωµ∗ quantum
number form an XC8 infinite cylinder. Mirror reflection µ
maps an MPS unit cell to itself. An infinite cylinder is covered
by an MPS path illustrated with a semi-transparent green
line. Matrices Λj are not shown fro simplicity.
matrix-product representation reads
|s〉 = , (7)
where rank-3 tensor Γ and matrix Λ are chosen to fulfill
canonical relations
= , = . (8)
Here, Λ is a diagonal matrix with entries Λα,α = λα,
where λα are the Schmidt coefficients introduced in
Eq. (3). Tensor Γ represents a matrix-product state
(MPS) unit cell that is a result of covering an infinite
cylinder
= , (9)
where N is the size of an MPS unit cell.
It follows from Eq. (8) that the identity 1 is the right
eigenvector of a transfer matrix
T ≡ (10)
to the eigenvalue g = 1. We have numerically verified
that 1 is the only eigenvector of T with eigenvalue |g| = 1.
The ω12 quantum number is determined by the mo-
mentum per unit length of |s〉 in Eq. (7). It is thus given
by the dominant eigenvalue gT2 of the generalized trans-
fer matrix
7TT2 ≡ =
,
(11)
where PT2 is a permutation of lattice sites within the
MPS unit cell that corresponds to a translation in yˆ di-
rection by one lattice unit cell (see Fig. 2). We stress that
the translational invariance in yˆ direction is not built in
the MPS ansatz for a ground state on an infinite cylinder.
It is only (approximately) recovered as the energy opti-
mization of tensors in Eq. (7) reaches convergence. We
have observed numerically that the dominant eigenvalue
gT2 = −1 for a converged ground state. From this we
conclude that w12 = −1, in agreement with prediction of
Sec. III.
We now turn to the computation of ωσ∗ . A mirror
symmetry σ is chosen such that it does not exchange left
and right sides of an infinite cylinder and is compatible
with the MPS covering of the cylinder, see Fig. 2. Note
that σ is an internal symmetry of the ground state |s〉 in
Eq. (7) if the MPS unit cell is enlarged to include N =
48 lattice sites. Since the ground state |s〉 is invariant
under the combination σ∗ = σT , the tensor Γ in Eq. (7)
transforms in the following way55
= eiθσ∗ · , (12)
where t ≡ ∏j eipiSyj together with conjugating the ten-
sor Γ implements the time-reversal operation. Pσ is a
permutation of lattice sites within (enlarged) MPS unit
cell that corresponds to a mirror reflection σ. Uσ∗ is a
unitary matrix that commutes with Λ in Eq. (7) and θσ∗
is a non-universal phase. It follows from Eq. (12) that
the matrix Uσ∗ is the leading right eigenvector of the
generalized transfer matrix
Tσ∗ ≡ . (13)
By iterating Eq. (12) twice, it can be shown that
U†σ∗U
T
σ∗ is the right eigenvector of the transfer matrix
T in Eq. (10) to the eigenvalue g = 1. As noted before,
identity 1 is the only eigenvector of T to the eigenvalue
g = 1 which means that U†σ∗U
T
σ∗ = ασ∗1. Consequently,
Uσ∗ = ασ∗U
T
σ∗ , where ασ∗ = ±1 is a 1D SPT invariant
that corresponds to the ωσ∗ quantum number. Note that
Eq. (12) defines Uσ∗ only up to a phase. It has no im-
pact on the above reasoning, since any phase ambiguity
is canceled in the expression U†σ∗U
T
σ∗ , as emphasized in
Sec. II.
We have computed Uσ∗ as the dominant right eigen-
vector of the transfer matrix Tσ∗ in Eq. (13) and verified
that Uσ∗ = −UTσ∗ which shows that ωσ∗ = −1, as ex-
pected.
The computation of ωµ∗ is performed in a similar man-
ner. First, the ground state |s〉 on an infinite XC8 cylin-
der carrying semion flux is found. We choose mirror sym-
metry µ such that it does not exchange left and right sides
of the cylinder, see Fig. 3. The MPS unit cell consists
of N = 12 tensors and it is organized in a way that µ is
an internal symmetry of the ground state |s〉 in Eq. (7).
The quantum number ωµ∗ is deduced by studying the
symmetry properties of the right leading eigenvector Uµ∗
of the generalized transfer matrix
Tµ∗ ≡ , (14)
where Pµ is a permutation of sites that implements the
mirror reflection µ. We find that Uµ∗ is antisymmetric,
which shows that wµ∗ = −1.
In order to conclude the detection of symmetry frac-
tionalization of a chiral spin liquid under investigation,
we extract ωI quantum number from the ground state |s〉
on an XC8-4 infinite cylinder. The inversion I maps an
MPS unit cell to itself, provided that Γj and Λj in Eq. (9)
are “shifted” by two positions along an MPS path, see
Fig. 2. For a symmetric ground state |s〉, the tensor Γ in
Eq. (7) transforms in the following way
= eiθI · , (15)
where PI is a permutation of lattice sites within a
“shifted” MPS unit cell that corresponds to the inver-
sion I. UI is a unitary matrix, [UI ,Λ] = 0, and θI is a
phase. In close analogy to the case of mirror symmetry σ,
it can be shown that UI is the leading right eigenvector
of the generalized transfer matrix
TI ≡ (16)
and that UI = αIU
T
I , where αI = ±1 is a 1D SPT in-
variant that corresponds to the ωI quantum number. We
have numerically computed UI and checked that it is anti-
symmetric confirming that ωI = −1, as found in Sec. III.
8V. CONCLUSION
In this work, we classified and numerically detected the
symmetry fractionalization in chiral spin liquid states in
a spin- 12 model on the kagome lattice. Using the recently
proposed method of flux-fusion anomaly test48, we show
that there are only one anomaly-free way to fractionalize
crystal symmetries in a chiral spin liquid state, if we as-
sume that there is a full SU(2) spin-rotational symmetry
and there is an odd number of spin- 12 per unit cell of the
kagome lattice.
Our theoretical argument proves that all symmetric
chiral spin liquids found in previous numerical and theo-
retical studies belong to the same SET phase. In particu-
lar, we provide numerical evidence that the ground states
obtained by DMRG belong to this SET phase. Moreover,
we show in Appendix A that the chiral spin liquid state
obtained in the parton construction18,19 also belongs to
the same phase.
In this work, we also provide general definitions for
symmetry fractionalization of space-time symmetries for
Abelian anyons with fractional statistics. In particular,
the definition we provide for unitary crystal symmetries
applies consistently to generic Abelian anyons, but dif-
fers from the previously adapted definition for the special
case of fermionic anyons by a minus sign. Our definition
can be used to study symmetry fractionalization in more
complicated Abelian topological orders, and we will leave
this to future works.
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Appendix A: PSG analysis in Abrikosov-fermion
construction of chiral spin liquid.
In this appendix we study the symmetry fractionaliza-
tion in a chiral spin liquid state on the kagome lattice
obtained in fermionic parton construction11,18,19, using
the method of projective symmetry group (PSG) analy-
sis33. This approach reproduces the symmetry fraction-
alization listed in Table I, which is argued to be the only
possibility in Sec. III of the main text.
It is well known that the chiral spin liquid, having the
same topological order as a ν = 1/2 FQH state10, can be
obtained in a parton construction if the fermionic parton
forms a Chern insulator with the Chern number n =
211. On the kagome lattice chiral spin liquids have been
constructed using this approach in Ref. 18 and 19 and
they have been shown to have good variational energies
in VMC studies19.
Here we choose the parton wave function constructed
by Hu et al. 19 as an example and study its symmetry
fractionalization using PSG analysis. In this construction
the spin- 12 degree of freedom on each site is represented
by a fermionic parton,
Si = f
†
iασαβfiβ . (A1)
The wave function of a chiral spin liquid is then con-
structed by Gutzwiller-projecting a mean field parton
wave function,
|Ψ〉 = PG|Ψf 〉, (A2)
where PG denotes the Gutzwiller projection, which en-
forces the constraint that there is exactly one parton per
site, and |Ψf 〉 is the mean field parton wave function,
which is the ground state of the mean field Hamiltonian,
HMF =
∑
ij
(
tijf
†
iαfjα + h. c.
)
. (A3)
The hopping amplitudes tij are given in Fig. 1(a) of
Ref. 19 and are shown in Fig. 4(a) here (here we only
show the nearest-neighbor hoppings because these are
enough to fix the PSG and the next-nearest-neighbor
only improves the variational energy without affecting
the PSG). Note that because the chiral spin liquid state
breaks time-reversal symmetry, the hopping amplitudes
tij are complex (an complex hopping flux is required to
obtain the nontrivial Chern number).
The parton representation given by Eq. (A1) has an
SU(2) gauge structure9,66, which is broken to U(1) by
the mean field Hamiltonian in Eq. (A3). In other words,
the invariant gauge group (IGG)33 of this parton wave
function is U(1).
In this construction the IGG does not match the topo-
logical order. As a result the projective representa-
tion the fermionic parton carries does not contain all
information of the projective representation carried by
the semion. Particularly the former is described by
H2(G,U(1)) where the coefficient is given by the IGG =
U(1), while the latter is described by H2(G,Z2), where
the coefficient is Z2 because of the fusion rule s×s = 1. In
comparison, in parton constructions of a Z2 spin liquid33
both the IGG and the fusion rule of the fermionic anyon
are Z2, so there is a one-to-one correspondence between
the projective representations carried by the fermionic
parton and the fermionic anyon.
The quantum number fractionalization X2 = ±1 of an
antiunitary symmetry operator X can still be extracted
from the PSG, because H2(ZX2 ,U(1)) = H2(ZX2 ,Z2) =
Z2. Namely this symmetry fractionalization can be ex-
tracted from how X acts on the parton operator X2fiα =
9(a)
(b)µ∗
(c)σ∗
FIG. 4. Mean field ansatz and its PSG. Solid bonds and
dashed bonds indicate hopping amplitudes t0 and −t0, re-
spectively. The arrows on the bonds mark the direction along
which the hopping is ±t0, while the hopping against the direc-
tion of the arrows is ±t∗0. (a) The nearest-neighbor hopping
amplitudes in the mean field ansatz in Ref. 19. (b) The hop-
ping amplitudes after the symmetry operation µ∗. (c) The
hopping amplitudes after the symmetry operation σ∗. In (b)
and (c), the mirror axis is marked by a dotted line. The hop-
ping amplitudes can be restored to the ones in (a) by a gauge
transformation in Eq. (A4), where ηi = ±1 on sites marked
by filled (open) circles, respectively.
ωXfiα, because for an antiunitary operator X the ωX ob-
tained this way is invariant under a U(1) gauge transfor-
mation and distinguishes different PSGs. For the mean
field ansatz presented in Ref. 19, the parton fiα carries
the following projective representation of µ∗ = µT ,
µ∗ : fiα → ηµ∗(i)αβfµ(i)β , (A4)
where µ(i) denotes the site that is the mirror image of
site i, and ηµ∗(i) is a site-dependent phase factor. Up to a
U(1) gauge transformation (which does not affect the re-
sult of ωµ∗), the choice of ηµ∗(i) shown in Fig. 4(b) leaves
the mean field Hamiltonian in Eq. (A3) invariant. It is
easy to check this choice satisfies ηµ∗(µ(i))η
∗
µ∗(i) = +1.
Therefore from Eq. (A4) we can derive that (µ∗)2fiα =
−fiα, which is consistent with the conclusion of ωµ∗ = −1
obtained in the main text as listed in Table I.
Similarly the projective representation of σ∗ = σT car-
ried by the parton fiα has a similar form of Eq. (A4),
with another site-dependent factor ησ∗(i), as shown in
Fig. 4(c). This factor also satisfies ησ∗(σ(i))η
∗
σ∗(i) = +1,
and this implies ωσ∗ = −1, which is also consistent with
the conclusion in Table I of the main text.
Furthermore, the commutation relation fractionaliza-
tion T1T2 = ±T2T1 can also be determined from the
parton PSG. It is well known that the parton carries a
nontrivial commutation relation fractionalization T1T2 =
−T2T1 as the parent gapless U(1) spin liquid state is
known as a pi-flux state67, indicating that the hopping
amplitudes of the fermionic parton has a pi-flux in each
unit cell (this can be easily checked from Fig. 4). In the
main text we argued that this is the only possibility in
the chiral spin liquid state.
However, the symmetry fractionalization I2 = ωI =
±1 (see the definition in Table I of the main text) can-
not be directly derived from the parton PSG, because
the parton does not have a nontrivial projective repre-
sentation of inversion as H2(Z2,U(1)) is trivial. In other
words, as the IGG is U(1), the parton’s projective repre-
sentation of inversion has a U(1) phase ambiguity eiθ and
correspondingly the action of I2 has a phase ambiguity
of e2iθ. Thus the two projective representations I2 = ±1
are smoothly connected and cannot be distinguished from
each other by studying parton PSG.
This symmetry fractionalization ωI , however, can be
obtained from this parton construction by studying the
inversion eigenvalue of the ground state wave function.
In Sec. II of the main text we showed that ωI can be
defined as the inversion parity eigenvalue of the two-
semion wave function. Because the model has one spin- 12
on each site, the chiral spin liquid state has a nontrivial
background anyon charge of one semion per site61,62, and
consequently ωI can also be detected from the inversion
eigenvalue of the ground state wave function on a system
with (4n + 2) sites and open boundaries. In this parton
construction, such a wave function is obtained by pro-
jecting a mean field wave function as in Eq. (A2), where
the mean field wave function, as the ground state of the
mean field Hamiltonian, can be obtained by filling all
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eigenmodes of the Hamiltonian that lies below the Fermi
energy,
|Ψf 〉 =
∏
λ,Eλ<0
f†λ↑f
†
λ↓|0〉, (A5)
where λ labels all eigenmodes of the free mean field
Hamiltonian in Eq. (A3) and the product runs over all
λ with a negative energy Eλ < 0. Note that the Hamil-
tonian in Eq. (A3) does not act on the spin quantum
number, so all modes are doubly degenerate with α =↑
and ↓.
Next, we consider the action of inversion symmetry on
the mean field Hamiltonian. We assume that the fermion
takes the following projective representation of I denoted
as I˜,
I˜ : fiα → ηI(i)fI(i),α, (A6)
where the phases ηI(i) satisfies
ηI(i)ηI(I(i)) = e
iΘ. (A7)
Here eiΘ is a site-independent phase factor, and the pro-
jective representation satisfies I˜2 = eiΘ. As we discussed
before, one can choose different forms of the projective
representation I˜ satisfying I˜2 = eiΘ with arbitrary phase
eiΘ, but this phase ambiguity does not affect the result of
symmetry fractionalization I2 = ±1 we will derive below.
In the mean field theory the symmetry I˜ can be viewed
as a global symmetry under which the parton fiα and
wave functions all carry linear representations. Partic-
ularly I˜HI˜−1 = H so we assume the eigenmodes are
also eigenstates of I˜. Furthermore, because the inver-
sion symmetry also commutes with spin rotations, the
two degenerate modes fλ↑ and fλ↓ have the same in-
version eigenvalue I˜fλα = Λλfλα. If I˜
2 = eΘ, Λλ can
only take one of the two values Λλ = ±eiΘ/2. Therefore
the inversion eigenvalue of the mean field wave function
in Eq. (A5) is determined by multiplying all inversion
eigenvalues of occupied modes:
I˜|Ψf 〉 =
∏
λ,Eλ<0
(Λλ)
2|Ψf 〉 = (eiΘ)2n+1|Ψf 〉. (A8)
In the last step we used the fact that there are in total
(4n+ 2) occupied modes.
Next we study how I˜ acts on the Gutzwiller projection
PG. We saw that the I˜ eigenvalue of the mean field wave
function depends on eiΘ, which in turn depends on the
gauge choice in Eq. (A6). This U(1) gauge dependence
is canceled by the action of I˜ on PG, as the physical spin
wave function obtained after the Gutzwiller projection
should be gauge invariant. By definition PG maps the
Fock states of parton operator to spin states,
PG =
∏
i
∑
α
|α〉i〈0|fiα. (A9)
Therefore applying the transformation in Eq. (A6) we
conclude that PG transforms as the following under I˜,
I˜PGI˜
−1 = (−eiΘ)2n+1PG, (A10)
where the minus sign comes from exchanging the two
fermionic parton operators at i and I(i) after the inver-
sion.
Combining the results in Eq. (A8) and (A10), we ob-
tain that that the eigenvalue of the physical spin wave
function is (−1)2n+1 = −1. Therefore using the defini-
tion we describe in Sec. II of the main text we conclude
that the semions carry a nontrivial symmetry fractional-
ization I2 = −1.
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